In this paper, we prove existence of optimal complementary dual codes (LCD codes) over large finite fields. We also give methods to generate orthogonal matrices over finite fields and then apply them to construct LCD codes. Construction methods include random sampling in the orthogonal group, code extension, matrix product codes and projection over a self-dual basis.
Introduction
Linear codes with complementary duals, which we refer to as LCD codes, were introduced by Massey in [18] . They give an optimum linear coding solution for the two user binary adder channel. They are also used in counter measures to passive and active side channel analyses on embedded cryptosystems, see [5] for a detailed description. It is known from [19] that LCD codes are asymptotically good. Dougherty et al. [7] constructed binary LCD codes using orthogonal matrices, self-dual codes, combinatorial designs and Gray map from codes over a family of non chain rings of characteristic 2. Liu et al. [15] characterized matrix product linear complementary dual (MPLCD) codes and gave their constructions from orthogonal-like matrices. Using generalized ReedSolomon codes, the authors of [4] and [12] proved the existence of optimal LCD codes over finite fields with some conditions on lengths and the field sizes. The problem of existence of q−ary [n, k] MDS LCD codes has completely been solved by Carlet et al. [6] for the Euclidean case.
Recently, in the paper [20] , MDS self-dual codes over large prime fields have been constructed from orthogonal matrices and from the generalized method of [1] . It is important to note that a single orthogonal matrix gives rise to several LCD codes, by a different choice of basis.
From the existence of MDS self-dual codes for example in [8, 13] as well as from MDS self-orthgonal codes, we construct MDS LCD codes with certain lengths. We also generalize the constructions [20] of orthogonal matrices from prime fields to arbitrary finite fields and afterwards we give explicit constructions of LCD and MPLCD codes. Short LCD codes are constructed from orthogonal-like matrices by randomly sampling elements in the orthogonal group and from code extension by two symbols while the long ones are constructed from matrix product codes and from projection over a self-dual basis. Many optimal, almost MDS and MDS codes over different fields are obtained.
The paper is organized as follows: Section II gives preliminaries for LCD codes. Section III proves the existence of LCD codes of certain lengths and also gives method to construct and to extend an LCD code. In Section IV we present numerical results of some optimal codes, almost MDS and MDS LCD codes over different large fields.
Preliminaries
An element in C is called a codeword. The (Hamming) weight wt(x) of a vector x = (x 1 , . . . , x n ) is the number of non-zero coordinates in it. The minimum distance (or minimum weight)
the set of vectors orthogonal to every codeword of C under the Euclidean inner product. A linear code C is called linear complementary dual (LCD) if C ∩ C ⊥ = {0}. One among the important parameters for a code is its minimum distance. If C is a linear [n, k] Fq code, then from the Singleton bound, its minimum distance is bounded by
A linear code meeting the above bound is called Maximum Distance Separable
A code is called optimal if it has the highest possible minimum distance for its length and dimension and thus an MDS code is optimal. The following result is due to MacWilliams and Sloane [17] .
The following statements are equivalent:
Construction of LCD codes
The following lemmas characterize LCD codes. 
Proof. Assume that there exists a self-orthogonal code C with parameter [n, k, n − k + 1] and let G be its generator matrix in the systematic form.
as a subcode of C generated by the last
with its generator matrix
where
is the submatrix of A with the last k ′ rows. Now puncturing the first k
00 , we get, by the Singleton bound, a code C
whose generator matrix is of the form
Finally the result follows from Lemma 1. 
For any odd prime power q there exists an MDS LCD
(c) q = r 2 and 2n ≤ r,
(e) r ≡ 3 (mod 4) and n = tr for any t ≤ (q − 1)/2.
Proof. 1. and 2.(a) follow from [8] and Lemma 3, where as 2.(b) − 2.(e) follow from [13] and Lemma 3. 
Proof. Let q = p m , m > 1 for some prime p and n|q − 1. Let α be a primitive n−th root of unity. From the BCH bound, the polynomial The rest of our constructions are based on orthogonal matrices. In what follows, we present some elements used to generate an orthogonal group. In the sequel, F q denotes a finite field of characteristic p, that is q = p m for some positive integer m.
The orthogonal group of index n over a finite field with q elements is defined by
Let P n be the set of n × n permutation matrices. For q = 2, with the convention O n := O n (2), we have the following theorem due to Janusz [11] .
Theorem 4 ([11])
The orthogonal groups O n are generated as follows
where u is a binary vector of Hamming weight 4 and T u is the transvection defined by
To generate elements of orthogonal group in any arbitrary finite field, we give more general setting as follows. Let q = p m for some prime p and some positive integer m.
∈ F p if p = 2 and θ = 1 otherwise. Let α, β ∈ F q \{0} such that α 2 + β 2 = 1 and v = (α − 1)e 1 + βe 2 , w = −βe 1 + (α − 1)e 2 . Let u = e 1 + e 2 + e 3 + e 4 if n ≥ 4, where {e 1 , . . . , e n } is the canonical basis of F n q . Define two linear maps and n = 4, 5 
It is well-known that transvections are linear and of order 2 and thus T n (q) is a subgroup of O n (q). The orders of T n (q) are calculated in [3] and compared with [16] in Table 1 for some values 3 ≤ q ≤ 25 and n = 4, 5.
Conjecture For any q and n ≥ 5, O n (q) = T n (q).
Now we introduce some constructions of LCD and matrix product LCD codes from orthogonal matrices. Proposition 1 Let A ∈ O n (q) and A k a submatrix obtained from A by keeping k rows. Then the matrix
generates an LCD code.
Proof. Since A is orthogonal, the result follows from Lemma 1.
Proposition 2 Let A ∈ O n (q) and A k a submatrix obtained from A by keeping k rows. Then for any λ 1 , . . . , λ k ∈ F q \{0}, the matrix
Proof. Since A is orthogonal, GG ⊤ is orthogonal-like and thus the result follows from Lemma 2.
generates an LCD code. Moreover if k is odd then the matrix
also generates an LCD code.
Proof. Since A is orthogonal, GG ⊤ is orthogonal-like and thus the result follows from Lemma 2. Remark In the above constructions, for n large, in practice the orthogonal matrix A are randomly sampled from O n (q).
In what follows, we construct longer LCD codes by coordinate extension of shorter codes whose generator matrices are rows of orthogonal matrices. Note that if C n is a linear [n, k, d] code then C n can be decomposed as a direct sum C n = D ⊕ E, where D (resp. E) is a subcode of C n of minimum weight d (resp. e > d). Moreover the generator matrix G n of C n can be written as:
This decomposition allows us to reduce the complexity of searching good codes efficiently when we want to construct LCD [n, k, ≥ d] codes from an LCD [n, k, d] code and when the dimension of the subcode D is large. For example assume that there exist scalars a, b ∈ F q \{0} such that a 2 + b 2 ≡ 0 (mod q). From this data, an LCD code of length n + 2 can be obtained, by extending two coordinates, from an LCD code of length n with its generator matrix G n of the above form (5) as follows.
where α 1 , α 2 , . . . ∈ F q \{0} and β 1 , β 2 , . . . ∈ F q . It should be noted that for q being prime and q ≡ 3 (mod 4) such (a, b) = (0, 0) does not exist, otherwise there exists c ∈ F q with c 2 + 1 ≡ 0 (mod q). The following propositions construct LCD [n + 2, k] codes from an LCD [n, k] code, which can later be completed by a direct sum with a one-dimensional code to produce LCD [n + 2, k + 1] codes.
Proposition 4 Let C n be an LCD code [n, k, d] over F q with its generator matrix G n being rows of an orthogonal matrix. Assume that there exist a, b ∈ F q \{0} such that a 2 + b 2 ≡ 0 (mod q). Then for any λ 1 , . . . , λ n ∈ F q , an extended codeC n of C n with the following generator matrix GC n is an LCD
Proof. Since C n is LCD, with the assumption a 2 + b 2 ≡ 0 (mod q), each row of GC n , which is an extended row of G n , is orthogonal to itself and to the other rows and thus the result follows. 
MPLCD codes can be now characterized as follows. 
contains a nonzero codeword c i for some 1 ≤ i ≤ l, which is again a contradiction.
Similarly we have the following characterization. Proof. SinceĀ is a non-singular matrix, from Lemma 5,
Now the necessary and sufficient condition can be proved in the same way as in Proposition 5. A more generalized case is to consider other orthogonal-like matrices. Let A ∈ O l (q) and
Corollary 1 Let C 1 , C 2 , . . . , C l be linear codes over F q . LetĀ be as in (8) . Proof. See [9] .
Some numerical results
To illustrate our constructions from orthogonal matrices, we present some numerical results of optmal codes obtained. The generator matrices are available from the author. We list parameters of LCD codes obtained from our construction in Tables 2-5. Here we describe our constructions:
• Constructions (1) − (4) use random sampling. To obtain the optimal LCD codes with minimum distance d from these constructions, we randomly search for the orthogonal matrices of order n × n ( in O n , n ≥ 5) whose rows have weight ≥ d each.
• In construction (7), b = −1 and a are fixed and λ i takes nonzero values in F q . Note that with a such that a 2 ≡ −1 (mod q), the set
One matrix product LCD code is obtained as follows.
• [C 1 , . . . , C 4 ]A with parameters [16, 4, 12] Since there is no MDS linear code with parameters [16, 4, 13] over F 11 , this almost MDS code is optimal and has new parameters ever.
Conclusion
In this article we have constructed optimal LCD codes over large finite fields from optimal self-orthogonal codes and from orthogonal matrices. The latter constructions rely on the presentation of the orthogonal group by generators and relations. Optimal LCD codes from (random) sampling elements in the orthogonal group perform better for small lengths which give us more efficient ways for constructing good long LCD codes by matrix product codes as well as by projection over a self-dual basis. 
